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Vector algebra in the analysis of genome-wide expression data
����������	�
����
������	�����	�� ��������	�������	����	


���	�������
�� �	����!����"�������#����������$���	�%����	�&�	�����'����(����	����)�*�	�'�����&�%��'���	������%��'�����$����!��
��	
�	��+��
�	������%�'�	��!���"��,-./0��+��1��)�*�	�'�����&�$����������������	
�	����������&����������������#�&�	'�������	�!	�'�
%����	��2�����*��������	
�	��"���������������$�������"��,-..3��+��1

%�		��*�������������	�������	����	1�45'��������6����	��1��	
�	�1���

Abstract

Background: Data from thousands of transcription-profiling experiments in organisms ranging
from yeast to humans are now publicly available. How best to analyze these data remains an
important challenge. A variety of tools have been used for this purpose, including hierarchical
clustering, self-organizing maps and principal components analysis. In particular, concepts from
vector algebra have proven useful in the study of genome-wide expression data.

Results: Here we present a framework based on vector algebra for the analysis of transcription
profiles that is geometrically intuitive and computationally efficient. Concepts in vector algebra such
as angles, magnitudes, subspaces, singular value decomposition, bases and projections have natural
and powerful interpretations in the analysis of microarray data. Angles in particular offer a rigorous
method of defining ‘similarity’ and are useful in evaluating the claims of a microarray-based study.
We present a sample analysis of cells treated with rapamycin, an immunosuppressant whose effects
have been extensively studied with microarrays. In addition, the algebraic concept of a basis for a
space affords the opportunity to simplify data analysis and uncover a limited number of expression
vectors to span the transcriptional range of cell behavior.

Conclusions: This framework represents a compact, powerful and scalable construction for
analysis and computation. As the amount of microarray data in the public domain grows, these
vector-based methods are relevant in determining statistical significance. These approaches are
also well suited to extract biologically meaningful information in the analysis of signaling networks.
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Results and discussion
Constructing expression vectors
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Figure 1
The two complementary methods of understanding a transcription
profile. (a) Two transcription profiles of three genes are shown. Rows
form gene vectors while columns form experiment vectors. (b) In a
typical profile comparison, gene vectors are plotted in two dimensions,
where the axes represent the experiments and the points are the genes.
Data from (a) are plotted. Additional genes add points to the graph, but it
remains in two dimensions. (c) In the vector-based approach, the axes
are genes and the points are experiments. Data from (a) are also plotted
here. Additional genes would not add any points to the graph (that is,
there would always only be two vectors), but the space that the vectors
reside in would increase in dimension.
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Vector angle is the counterpart to the Pearson
correlation coefficient
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A ratio of magnitudes is a natural second metric for
comparing two expression vectors
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Searching subspaces is an important step in analyzing
expression vectors
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Figure 2
The relationship between the Pearson correlation coefficient and angle, and the statistical distribution of angles. (a) The Pearson correlation coefficients
and the angles between 180 pairs of actual transcription profiles were computed. Plotting one measure against the other reveals their close relationship.
(b) The statistical distribution of angles in a large, diverse data set (300 profiles) [19] was computed by calculating angles between all possible pairs (a
total of 44,850 angles) of expression vectors. Data were taken from the Rosetta Inpharmatics website [34] and the software used to compute the angles
is publicly available for download from our website [20].
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Figure 3
An illustration of the use of the colorimetric comparison array (CCA) to infer information about a cellular signaling network. (a) Using competitive
hybridization data from a study of the target of rapamycin (Tor) proteins) [11], the angles between a reference expression vector of a wild-type strain
treated with rapamycin and four other expression vectors are represented on a CCA. The profile of cells shifted from glutamine to proline shows that at
a whole-genome level, and within the subspaces shown, there is strong similarity (44� at a whole-genome level) to a profile of cells treated with
rapamycin. Cells that have undergone heat shock, however, have an orthogonal (uncorrelated) expression vector. Deleting the gene URE2 (ure2�) does
not generate whole-genome correlation, but does generate correlation within the subspace of nitrogen-discrimination pathway (NDP) genes. Finally, cells
containing the tap42-11 allele of TAP42 that are treated with rapamycin illustrate that Tap42p is downstream of the Tor proteins in the control of
ribosomal protein gene expression. (b) A similar analysis to that in (a) can be carried out using ratios of vector magnitudes (�). The overall greenness of
the CCA reflects the fact that these four expression vectors have a smaller magnitude than the reference rapamycin-treatment profile. The magnitude of
the whole-genome expression vector of heat shock is considerably smaller. Deleting URE2, however, increases the magnitude of expression of the NDP
subspace of genes to levels comparable to those of cells treated with rapamycin. When TAP42 is mutated to the tap42-11 allele, NDP gene induction is
severely impaired, implicating Tap42p as an important regulator of NDP gene expression downstream of the Tor proteins. Iterating this analysis over
many effectors and many subspaces of genes reveals a wealth of information about the transcriptional network downstream of the Tor proteins [11].
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Combined use of angles and ratios of vector
magnitudes is a tool for biological discovery
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Singular value decomposition in expression-profile
analysis
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Figure 4
Using the SVD to estimate the number of fundamental expression vectors required to efficiently span a profile set. (a) A set of 300 diverse expression
profiles [19] was converted to a matrix of expression vectors and the singular values were computed, normalizing such that the first singular value was equal
to 1. (b) A set of 173 profiles of various yeast environmental responses [28] were converted to a matrix of expression vectors and processed as in (a).
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Figure 5
The transcriptional profile of rapamycin expressed in two alternate bases.
A part of the traditional basis for a transcription profile is shown on the
left (only five genes out of around 6,000 are shown). The experiment
vector of treatment with rapamycin was projected onto the five
experiment vectors shown on the right. The coefficients for the
rapamycin expression vector in this five-dimensional basis are shown on
the extreme right.
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